E} 7W 7W ;; %] %j !& %, %s %^ 4X ?t $N C 8@ 8l !$ $* $h $S F ortran 77 8@ 8l $K $h $k ;; Ih 3t <0 2q <R %j %3 !< %= %U %H %& %’ %" ;v 6H It @P 2, 91 7{ P olygamma F unctions Programming in C and F ortran77 Tsunenori Ishioka 1 $O $8 $a $K %, %s %^ 4X ?t �( � ) !$ %] %j !& %, %s %^ 4X ?t ( k ) ( � ) !$ IT 40 A4 %, %s %^ 4X ?t Hf P ( � ; � ) $J $I $N %, %s %^ 4X ?t 72 $O !$ GK 2u $d <w L? $r <h 07 $& ?. Mj @- 9) 3X !$ 0e 3X !$ 1V 3X $J $I $N J, Ln $G $O !$ 6K $a $F IQ HK $K MQ $$ $i $l $k 4X ?t $G $" $k !% $? $H $( $P Au CV <w L? !$ :‘ NA $N @E 6/ EY !$ Ie ?) ?J 9T $N ?< $5 $J $I $K $h $/ E, 9g $9 $k J, I[ $H $7 $F !$ 8= :_ %o %$ %V %k J, I[ $, :G $b 0l HL E* $K MQ $$ $i $l $F $$ $k $, !$ 2 Jl ?t %o %$ %V %k J, I[ F ( x ) = 1 � exp[ � ( x=� ) � ] (1) $N J? 6Q CM � !$ $* $h $S J, ;6 � 2 $O !$ � = � �(1 + 1 =� ) ; (2) � 2 = � 2 [�(1 + 2 =� ) � f �(1 + 1 =� ) g 2 ] (3) $G M? $( $i $l !$ $^ $? :G L‘ ?d Dj CM $r ^ � , ^ � $H $7 $? $H $- !$ p n ^ � !$ $* $h $S p n ^ � $N A2 6a J, ;6 !$ $J $i $S $K 6& J, ;6 $O V[ p n ^ � ] ’ � 2 0 (1) ; (4) V[ p n ^ � ] ’ � � � � 2 0 (1) + 2 (2) 0 (1) ; (5) Co v[ p n ^ � ; p n ^ � ] ’ (2) 0 (1) � (6) $G M? $( $i $l $k $h $& $K !$ !J %] %j !K %, %s %^ 4X ?t $r 4^ $‘ 7A $G <( $5 $l $k !% $^ $? 6v H/ E* $J >W 7b $, 0l Dj 2s ?t !$ N_ @Q $7 $? $H $- $K ;O $a $F 8N >c $, H/ @8 $9 $k !$ $$ $o $f $k %] %" %= %s !& %7 %g %C %/ %b %G %k $H $7 $F 9- $/ MQ $$ $i $l $F $$ $k %, %s %^ J, I[ F ( x ) = � �( � ) Z x 0 ( �t ) � � 1 e � �t dt = 1 �( � ) Z �x 0 t � � 1 e � t dt (7) $G $O !$ N_ @Q J, I[ 4X ?t CM $= $l <+ BN $, IT 40 A4 %, %s %^ 4X ?t Hf P ( � ; �x ) $G <( $5 $l $k !% $3 $N $h $& $K %o %$ %V %k J, I[ !$ $* $h $S %, %s %^ J, I[ $r E} 7W E* $K <h 07 $& $H $- $K !$ %, %s %^ 4X ?t 72 $O $7 $P $7 $P EP >l $9 $k !% $^ $? %o %$ %V %k J, Key w ords : gamma function, incomplete gamma function ratio, n umerical analysis, free soft w are 1

I[ !$ %, %s %^ J, I[ 0J 30 $K $b !$ Sibuy a(1979, 1980) $K $" $k $h $& $K !$ %G %# !& %, %s %^ J, I[ !$ %H %j !& %, %s %^ J, I[ $K $b 8= $l $k $3 $H $r Cm 0U $7 $F $* $/ !% $5 $F $3 $N $& $A %, %s %^ 4X ?t �( � ) !$ $" $k $$ $O BP ?t %, %s %^ 4X ?t ln �( � ) $O !$ AH 9~ 4X ?t $H $7 $F MQ 0U $5 $l $F $$ $k $3 $H $, B? $$ !% $7 $+ $7 %] %j !& %, %s %^ 4X ?t $d IT 40 A4 %, %s %^ 4X ?t Hf $, MQ 0U $5 $l $F $$ $k $3 $H $O $- $o $a $F 5) $G $" $k !% FC $K %] %j !& %, %s %^ 4X ?t $K $D $$ $F $O !$ Cx L> $J ?t CM 7W ;; %i %$ %V %i %j $G $" $k IMSL %i %$ %V %i %j $G $5 $( !$ %G %# !& %, %s %^ 4X ?t $, $" $k $N $_ $G $" $k !% $b $C $H $b IT 40 A4 %, %s %^ 4X ?t Hf $K $D $$ $F $O !$ Didonato(1986) $K $= $N 7W ;; $r 9b B. $K $* $3 $J $& ;; K! !J %" %k %4 %j %: %‘ !K $, >R 2p $5 $l $F $$ $k !% $^ $? ;3 Fb (1972) $K $O !$ JL $N ;; K! $K 4p $E $$ $F :n @. $5 $l $? F ortran $K $h $k ;; Ih $, $" $k !% $7 $+ $7 Didonato(1986) $K $* $1 $k ;; K! $N %$ %s %W %j %a %s %F !< %7 %g %s $O 7h $7 $F MF 0W $G $O $J $$ !% $^ $? ;3 Fb (1972) $N ;; Ih $K $7 $F $b !$ !J $3 $N ;; Ih $N Mx MQ <T $O 7h $7 $F >/ $J $/ $J $$ $H ;W $o $l $k $, !K G$ 0U $N %Q %i %a !< %? $K BP $7 $F == J, $J @: EY $r J] >Z $7 $J $$ $3 $H $K Cm 0U $9 $Y $- $G $" $k !% K\ Mh $3 $N ;; Ih $O 0 < a < 1 $K BP $9 $k ?t I= $N CM $r M? $( $k $3 $H $r 0U ?^ $7 $? $b $N $G $" $j !$ 3N $+ $K 7k 2L $N 7G :\ $5 $l $F $$ $k a = 0 : 1 ; 0 : 5 ; 0 : 8 $K BP $7 $F == J, $J @: EY $r M? $( $F $$ $k !% $3 $3 $G Bg $- $J a $K BP $7 $F $O P ( a; x ) = P ( a � 1 ; x ) � 1 �( a ) x a � 1 e � x (8) $J $k A2 2= <0 $r MQ $$ $k $Y $- $G $" $m $& $, !$ ;; Ih <+ BN $O $= $& $J $C $F $$ $J $$ !% $3 $N $? $a !$ Nc $( $P a = 5 : 0 ; x = 5 : 0 $K BP $7 $F $O K\ Mh !$ @5 $N CM $G $" $k $Y $- $H $3 $m $G !$ Ii $N CM ( � 0 : 1190134) $r =P NO $9 $k $[ $I 8m :9 $, Bg $- $/ $J $C $F $7 $^ $& !% $^ $? 0 < a < 1 $G $" $C $F $b x � a $G $" $k $J $i $P !$ !J ;3 Fb (1972) $N ;; Ih $G $O !K Ho 2C 9‘ ?t $, Bg $- $/ !$ B? $/ $N 7W ;; ;~ 4V $r MW $9 $k !% $7 $+ $7 $J $, $i !$ Press(1988) $K $O !$ %Q %i %a !< %? $N CM $K $h $C $F $= $l $> $l 7W ;; $N Aa $$ Lengendre $N 8x <0 $K $h $k Bh 1 <o $N IT 40 A4 %, %s %^ 4X ?t $H !$ Lengendre $N O" J, ?t E8 3+ $K $h $k Bh 2 <o $N IT 40 A4 %, %s %^ 4X ?t $N 2 $D $r ;H $$ J, $1 !$ J? 6Q $H $7 $F $N 7W ;; ;~ 4V $, >/ $J $/ $J $k $h $& $J IT 40 A4 %, %s %^ 4X ?t Hf $N C 8@ 8l $K $h $k ;; Ih $, 7G :\ $5 $l $F $$ $k !% Cx <T <+ ?H !$ %3 !< %G %# %s %0 >e $G $N IT K~ $, $J $$ $o $1 $G $O $J $$ $, !$ 35 $M BE Ev $J 7W ;; ;~ 4V $G !$ G\ @: EY $r J] >Z $9 $k $3 $H $r 3N G’ $7 $F $$ $k !% $= $3 $G K\ 9F $G $O !$ IT 40 A4 %, %s %^ 4X ?t Hf P ( � ; � ) $N %W %m %0 %i %_ %s %0 $K $O FC $K 8@ 5Z $7 $J $$ $3 $H $H $9 $k !% 0l J} !$ %] %j !& %, %s %^ 4X ?t ( k ) ( � ) $K $D $$ $F $O !$ Bo wman & Shen ton (1988) $K >\ $7 $$ 8& 5f $, $" $j !$ App endix C VI $K $O $= $N ;; Ih $, 7G :\ $5 $l $F $$ $k !% $^ $? Amos (1983) $K $b !$ $[ $\ F1 MM $J %" %k %4 %j %: %‘ $, >R 2p $5 $l !$ $= $N ;; Ih $O A CM Algorithms Distribution Service $h $j F~ <j $9 $k $3 $H $, $G $- $k !% 7W ;; ;~ 4V $K $D $$ $F $$ $& $J $i $P !$ Amos (1983) $N ;; Ih $G $O !$ %* !< %P !< / %" %s %@ !< %U %m !< $r 5/ $3 $5 $J $$ HO 0O !$ $J $i $S $K @: EY $r J] >Z $G $- $k HO 0O $r %Q %i %a !< %? $N CM $K 1~ $8 $F 7W ;; $9 $k $? $a !$ $= $3 $K B? $/ $N 7W ;; ;~ 4V $r MW $9 $k !% Bo wman & Shen ton (1988) $N ;; Ih $G $O !$ Dj 5A 0h $r 0 : 01 � x � 4000 : 0 $K @) 8B $7 !$ CM $N HO 0O $K 4X $9 $k 7W ;; $r >J $$ $F $$ $k $b $N $N !$ 9b 2A (exp ensiv e) $J %Y %- >h 7W ;; $r B? MQ $7 $F $* $j !$ Amos (1983) $N ;; Ih 0J >e $K 7W ;; ;~ 4V $r MW $9 $k !% $= $3 $G K\ 9F $G $O !$ @d BP @: EY $G >. ?t E@ 0J 2< 15 7e $J $$ $7 16 7e $r J] >Z $7 !$ %] %j !& %, %s %^ 4X ?t CM $, 0 $K 6a $E $/ Bg $- $J x $K BP $7 $F $O !$ Aj BP @: EY $G G\ @: EY Dx EY $N @: EY $r $b $A !$ $7 $+ $b G$ 0U $N %Q %i %a !< %? $K BP $7 !$ 7W ;; ;~ 4V $, Bg $- $/ $J $i $J $$ $h $& $J %] %j !& %, %s %^ 4X ?t ( k ) ( � ) $N ;; Ih $r <( $9 $3 $H $H $9 $k !% %7 %_ %e %l !< %7 %g %s $J $I B? Bg $J 7W ;; ;~ 4V $r I, MW $H $9 $k 1~ MQ $K M- 8z $G $" $k $H ;W $o $l $k !% %W %m %0 %i %‘ $O $O $8 $a $K C 8@ 8l $K $F :n @. $7 $? $, !$ Mx MQ <T $N JX 59 $r 9M $( $F F ortran77 $K $b 0\ ?" $7 $F $* $/ !% 2

2 %] %j !& %, %s %^ 4X ?t 2.1 A2 6a E8 3+ %, %s %^ 4X ?t $O �( x ) = Z 1 0 e � t t x � 1 dt (9) $K $h $j Dj 5A $5 $l !$ $= $N 4p K\ @- <A $O �( x + 1) = x �( x ) (10) $K $" $k !J ?9 8} B> (1960) !K !% %, %s %^ 4X ?t $N BP ?t Hy J, ( x ) = d dx ln �( x ) = � 0 ( x ) �( x ) ; %G %# !& %, %s %^ 4X ?t (11) $* $h $S $= $N C‘ <! F3 4X ?t 0 ( x ) = d dx ( x ) ; %H %j !& %, %s %^ 4X ?t (12) 00 ( x ) = d dx 0 ( x ) ; %F %H %i !& %, %s %^ 4X ?t (13) � � � ; ( k ) ( x ) ; � � � $O !$ Am >N $7 $F %] %j !& %, %s %^ 4X ?t $H 8F $P $l $k !% BP ?t %, %s %^ 4X ?t $N A2 6a E8 3+ $O !$ Bernoulli ?t B 2 n $r MQ $$ $F ln �( x ) ’ � x � 1 2 � ln x � x + 1 2 ln(2 � ) + 1 X n =1 B 2 n 2 n (2 n � 1) x 2 n � 1 (14) $G $" $k $+ $i !$ %] %j !& %, %s %^ 4X ?t $N A2 6a E8 3+ $O ( k ) ( x ) ’ 8 > > > > < > > > > : ln x � 1 2 x � 1 X n =1 B 2 n (2 n � 1)! (2 n )! x 2 n k = 0 ( � 1) k � 1 " ( k � 1)! x k + k ! 2 x k +1 + 1 X n =1 B 2 n (2 n + k � 1)! (2 n )! x 2 n + k # k = 1 ; 2 ; � � � (15) $H $J $k !% $3 $3 $G !$ (15) <0 $N 5i ?t It J, $r n 9‘ $^ $G 2C $( $k $H $7 $? $H $- !$ M? $( $i $l $? Hy J, $N <! ?t k $K BP $7 $F $I $N Dx EY $N Bg $- $5 $N x ( > 1) $r E, MQ $7 $? $H $- $K !$ 2f !9 $, L\ I8 $H $9 $k 15{16 7e $N M- 8z 7e ?t $, F@ $i $l $k $+ $r 5a $a $F $_ $k !% (15) <0 $N 5i ?t It J, $r JX 59 >e !$ a 1 ; � � � ; a n $H $* $/ $H !$ $3 $N 5i ?t $O 8r :9 5i ?t $G !$ $+ $D Ho 2C 9‘ $N @d BP CM $, A2 <! 8: >/ $9 $k $+ $i !$ $= $N 5i ?t OB $O Bh 1 9‘ $N Bg $- $5 j a 1 j $H $7 $F 8+ @Q $b $k $3 $H $, $G $- $k !% $7 $? $, $C $F M- 8z 7e ?t $G 15 7e $r J] >Z $9 $k $K $O !$ j a 1 j � 10 15 j a n j (16) 3

$r K~ $? $9 :G >. $N x $r 5a $a $l $P $h $$ !% $3 $l $r x $K $D $$ $F 2r $/ $H !$ x � � 10 15 2 B 2 n (2 n + k � 1)! B 2 (2 n )!( k + 1)! � 1 = (2 n � 2) (17) $H $J $j $3 $N 2< 8B $, 5a $a $k CM $G $" $k !% $3 $3 $G Nc $( $P n = 10 $H $* $1 $P !$ k = 0 ; 1 ; 2 ; 3 $K BP $7 $F $O x � 9 : 38 ; 10 : 66 ; 11 : 88 ; 13 : 06 $H $J $k !% <B MQ >e !$ k > 3 $r MQ $$ $k $3 $H $O 5) $G $" $k $H ;W $o $l $k $N $G !$ $3 $N >l 9g $K $O A2 6a E8 3+ $r E, MQ $9 $Y $- x $N 2< 8B s !J %W %m %0 %i %‘ $G $O JQ ?t slv !K $r (17) <0 $K $h $j 7W ;; $7 !$ k = 0 ; 1 ; 2 ; 3 $K BP $7 $F $O s = 13 : 06 $G 8G Dj $H $9 $k !% $3 $l $K $h $j A4 BN $H $7 $F $N 7W ;; B. EY $r 8: >/ $5 $; $k $3 $H $, $G $- $k $H 9M $( $i $l $k !% $5 $F x < s $K BP $7 $F $O !$ m = [ s � x ] $H $7 $F !$ $9 $J $o $A s � x $r 1[ $( $J $$ :G Bg @0 ?t $r m $H $7 !$ y = x + m + 1 $K BP $7 $F >e 5- $N A2 6a E8 3+ $r E, MQ $7 !$ %] %j !& %, %s %^ 4X ?t $N 4p K\ @- <A ( k ) ( x + 1) = ( k ) ( x ) + ( � 1) k k ! =x k +1 (18) $r C‘ <! 7+ $j JV $9 $3 $H $K $h $C $F !$ =j K> $N 7k 2L $r F@ $k !% $3 $3 $G (18) <0 $N 7W ;; $K $* $1 $k 7e Mn $A $K $D $$ $F 9M ;! $7 $F $_ $k !% k = 2 ; 3 ; . . . $K BP $7 $F $O !$ Nc $( $P ?9 8} B> (1960) $K $" $k 5i ?t E8 3+ ( k ) ( x ) = 1 X j =0 ( � 1) k +1 k ! ( x + j ) k +1 (19) $K $h $j ( � 1) k +1 ( k ) ( x ) > 0 $G $" $k !% k = 1 $N >l 9g $b ln �( x ) $, FL $G $" $k $+ $i !$ 0 ( x ) > 0 $G $" $k !% $7 $? $, $C $F k � 1 $N $H $- ( k ) ( x ) = ( k ) ( y ) � ( � 1) k k ! m X j =0 1 ( x + j ) k +1 ; y = x + m + 1 (20) $K $h $k 7W ;; $G <B <A E* $J 8: ;; $O $J $/ !$ =$ @5 9‘ $G @d BP CM $, :G Bg $K $J $k $N $O j = 0 $N >l 9g $G $" $k $+ $i !$ x $, >. $5 $$ $H $- 1 =x k +1 $r 1 = ( y � m � 1 + j ) k +1 $G 7W ;; $7 $F $O $J $i $J $$ !% $3 $N E@ $K Cm 0U $7 $F j = m $+ $i 0 $^ $G 2C $( $F $$ $1 $P !$ Amos(1983) $N J} K! $K $h $i $: $K @: EY $r J] $D $3 $H $, $G $- $k !% !J Amos(1983) $O $3 $N $h $& $J >l 9g $K !$ %] %j !& %, %s %^ 4X ?t $r ;X ?t 6a ;w $7 $F $3 $N 4m 81 $r 2s Hr $7 $F $$ $k !% !K $5 $F k = 0 $N >l 9g $O !$ x = 1 : 5 $N 6a $/ $K Nm E@ $, $" $j !$ >e $N 7W ;; K! $r MQ $$ $k $H <B <A E* $J 8: ;; $, 9T $o $l $k !% $7 $? $, $C $F $3 $3 $G $O @d BP @: EY $G 14 7e $7 $+ J] >Z $G $- $J $$ !% $A $J $_ $K !$ ln �(1) = ln �(2) = 0 $N 6a K5 $K $* $$ $F $b !$ (15) <0 $r $= $N $^ $^ MQ $$ $k $J $i $P !$ @d BP @: EY $G 14 7e $7 $+ J] >Z $G $- $J $$ $3 $H $K $J $k !% $J $* %( %i !< $O 0J 2< $N DL $j $K =h M} $9 $k !% � (15) <0 $N 5i ?t It J, $N 7W ;; $G $O !$ Bg $- $J x $K BP $7 $F %" %s %@ !< %U %m !< $r 5/ $3 $9 4m 81 $, $" $k !% $3 $N >l 9g !$ ANSI/IEEE Std 754{1985 $N 5, Ls $K $7 $? $, $C $? =h M} 7O $G $O !$ IEEE NaN $r FC JL $J >l 9g $N CM $H $7 $F JV $9 !% V AX D F ormat $G $O !$ 0.0 $r JV $9 !% � x < 0 $, F~ NO $5 $l $? $H $- $O !J %] %j !& %, %s %^ 4X ?t $N Dj 5A 0h $K $O Ii $N CM $r 4^ $‘ $K $b $+ $+ $o $i $: !K IEEE NaN (ANSI/IEEE Std 754-1985) !$ $b $7 $/ $O 0.0 (V AX D F ormat) $r JV $9 !% $3 $l $O F~ NO $5 $l $? G$ 0U $N Ii $N CM $K BP $7 $F @: EY $r J] >Z $9 $k $3 $H $, $G $- $J $$ $? $a $G $" $k !% $3 $N BP =h $O Amos(1983) $d Bo wman & Shen ton(1988) $K $* $$ $F $b F1 MM $G $" $k !% k < 0 $, F~ NO $5 $l $? $H $- $b F1 MM $K =h M} $9 $k !% 4

� x $, 0 !J $^ $? $O Ii $N @0 ?t !K $K 0l CW $9 $k $H $- $O �1 $K $J $k $N $G !$ ;O $a $+ $i JL 07 $$ $K $9 $k !% $3 $N $h $& $J >l 9g !$ ANSI/IEEE Std 754{1985 $N 5, Ls $K $7 $? $, $C $? =h M} 7O $G $O !$ IEEE 1 $r FC JL $J >l 9g $N CM $H $7 $F JV $9 !% V AX D F ormat $G $O !$ <B ?t $N :G Bg CM ( � 1 : 70 � 10 38 ) $r JV $9 !% 0J >e !$ =R $Y $? $h $& $J ;; K! $K $7 $? $, $C $F F@ $? %] %j !& %, %s %^ 4X ?t ( k ) ( x ) = polygamma ( k ; x ) $N k = 0 ; 1 ; 2 $N $H $- $N =P NO 7k 2L (C, IEEE Double) $r I= 1 $K <( $9 !% $= $l $> $l =g $K %G %# !& %, %s %^ !$ %H %j !& %, %s %^ !$ %F %H %i !& %, %s %^ $N 3F 4X ?t CM $G $" $k !% ;2 9M $N $? $a $K ?t <0 =h M} %7 %9 %F %‘ Maple V (Char1992 $J $I ) $G 7W ;; $7 $? CM $r J; 5- $9 $k !% Maple V $G $O !$ %] %j !& %, %s %^ 4X ?t $, %7 %9 %F %‘ 4X ?t $H $7 $F MQ 0U $5 $l $F $* $j !$ ?t CM 7W ;; $O G$ 0U $N 7e $N @0 ?t 7W ;; $H G$ 0U @: EY $N Ib F0 >. ?t E@ 1i ;; $G 9T $& $3 $H $, $G $- $k !% $7 $? $, $C $F 4] $a 8m :9 $N 1F 6A $r A4 $/ <u $1 $J $$ $G 7W ;; $r 9T $& $3 $H $, 2D G= $G $" $k !% MW 5a @: EY $O Digits $G ;X Dj $9 $k !% I= 1 $h $j K\ 9F $N ;; Ih $K $h $k 7W ;; CM $O !$ @d BP @: EY $G 15 7e Dx EY $^ $G @5 $7 $/ 7W ;; $5 $l $F $$ $k $3 $H $, 3N G’ $G $- $k !% Nm E@ $N 6a $/ $G $" $k (1 : 5) = polygamma ( 0 ; 1 : 5 ) = 2 � ln 4 � $K $* $$ $F $O M- 8z 7e ?t !J Aj BP @: EY !K $O 14 7e $G $" $k !% I= 1 : x $N $$ $/ $D $+ $N CM $K BP $9 $k %] %j !& %, %s %^ 4X ?t CM digamma; psi(x) trigamma; psi’(x) tetragamma; psi’’(x) x k=0 k=1 k=2 0.5 -1.963510026021423e+00 4.934802200544679e+00 -1.682879664423432e+01 -1.963510026021423 4.934802200544679 -16.82879664423432 1.0 -5.772156649015324e-01 1.644934066848226e+00 -2.404113806319188e+00 -.5772156649015329 1.644934066848226 -2.404113806319189 1.5 3.648997397857667e-02 9.348022005446793e-01 -8.287966442343200e-01 .03648997397857652 .9348022005446793 -.8287966442343200 2.0 4.227843350984666e-01 6.449340668482264e-01 -4.041138063191886e-01 .4227843350984671 .6449340668482264 -.4041138063191886 3.0 9.227843350984666e-01 3.949340668482265e-01 -1.541138063191886e-01 .9227843350984671 .3949340668482264 -.1541138063191886 4.0 1.256117668431800e+00 2.838229557371154e-01 -8.003973224511450e-02 1.256117668431800 .2838229557371153 -.08003973224511450 5.0 1.506117668431800e+00 2.213229557371153e-01 -4.878973224511450e-02 1.506117668431800 .2213229557371153 -.04878973224511450 10.0 2.251752589066720e+00 1.051663356816857e-01 -1.104983497080207e-02 2.251752589066721 .1051663356816857 -.01104983497080207 20.0 2.970523992242149e+00 5.127082293520312e-02 -2.628122402314655e-03 2.970523992242149 .05127082293520312 -.002628122402314655 50.0 3.901989673427892e+00 2.020133322669712e-02 -4.080799893375970e-04 3.901989673427892 .02020133322669713 -.0004080799893375969 >e $+ $i =g $K Cx <T (C, IEEE Double) $N ;; Ih $K $h $k 7W ;; CM $H ?t <0 =h M} %7 %9 %F %‘ Maple V (Digits := 16) $G 7W ;; $7 $? CM $r <( $9 !% $5 $F ;; Ih $O ?t CM 7W ;; >e !$ 0J 2< $N E@ $K N1 0U $7 $F $" $k : 5

� 2C $( $k $Y $- 5i ?t $N 9‘ $O !$ $= $N CM $N @d BP CM $, >. $5 $$ J} $+ $i =g $K 2C $( $F $f $/ !% $3 $l $K $h $j \ @Q $_ ;D $7 " $N 4m 81 $r 2s Hr $7 $F $$ $k !% � (20) <0 $K $h $k 7W ;; K! $r MQ $$ $k $3 $H $G !$ 4X ?t $N :F 5" 8F $S =P $7 $N 2s ?t $r 9b !9 1 2s $H $7 $? !% 4X ?t 8F $S =P $7 $N :] $O !$ 8F $S =P $7 B& $N %9 %F !< %? %9 $H La $j HV CO $, %9 %? %C %/ $K @Q $^ $l $k $3 $H $K $J $k $N $G !$ :F 5" 8F $S =P $7 $N %M %9 %H $, ?< $/ $J $k $H 4X ?t 8F $S =P $7 $@ $1 $G B? Bg $N 7W ;; ;~ 4V $r MW $9 $k $3 $H $K $J $k !% $3 $3 $G $O $= $N 4m 81 $r 2s Hr $7 $F $$ $k !% $J $* ;; Ih $O IU O? $K <( $7 $F $* $/ !% 2.2 => Mh $N ;; Ih $H $N Hf 3S Cx <T $N ;; Ih $K 4p $E $/ %] %j !& %, %s %^ 4X ?t CM !$ $J $i $S $K $= $N 7W ;; ;~ 4V $r Amos(1983), Bo wman(1988) $N $= $l $H Hf 3S $9 $k !% I= 1 $G M? $( $? CM $K BP $9 $k 7W ;; ;~ 4V $r I= 2 $K <( $9 !% $3 $l $h $j Cx <T $N ;; Ih $O Amos(1983) $N ;; Ih $N 2 G\ 0J >e B. $/ !$ Bo wman(1988) $N ;; Ih $N 10 G\ Dx EY B. $$ $3 $H $, $o $+ $k !% $A $J $_ $K Sun OS V ersion 4.1 !$ Sun IV/370 %o !< %/ %9 %F !< %7 %g %s 2T F/ 2< $G $N 7W ;; ;~ 4V $G $" $k 0.07ms/call $H $$ $& ?t CM $O !$ AH 9~ 4X ?t $G $" $k BP ?t %, %s %^ 4X ?t lgamma() $N Ls 2 G\ $G $" $k !% I= 2 : I= 1 $G M? $( $? CM $K BP $9 $k 7W ;; ;~ 4V $N Hf 3S ;; Ih 8@ 8l <B ?t $N Fb It I= 8= %^ %7 %s 7W ;; ;~ 4V (ms/call) Cx <T (1993) C IEEE Double Sun IV/370 0.07 Cx <T (1993) C V AX D F ormat V AX 11/780 1.94 Cx <T (1993) F ortran V AX D F ormat V AX 11/780 1.97 Amos(1983) F ortran V AX D F ormat V AX 11/780 5.48 Bo wman(1988) F ortran V AX D F ormat V AX 11/780 19.57 <! $K !J %H %j !& %, %s %^ !$ $* $h $S %F %H %i !& %, %s %^ 4X ?t CM $, 0 $K 6a $E $/ !K Bg $- $J x $H !$ 5U $K !J A4 $F $N %] %j !& %, %s %^ 4X ?t CM $, �1 $K 6a $E $/ !K >. $5 $J @5 ?t x $K BP $7 $F !$ 3 <T $N ;; Ih $K 4p $E $/ %] %j !& %, %s %^ 4X ?t CM $r I= 3 $K <( $9 !% 6

I= 3 : x $, @5 $G >. $5 $J CM !$ $" $k $$ $O Bg $- $J CM $K BP $9 $k %] %j !& %, %s %^ 4X ?t CM $N Hf 3S x digamma trigamma tetragamma 1.0e-10 -1.0000000000577215e+10 1.0000000000000000e+20 -1.9999999999999995e+30 -1.0000000000577216e+10 1.0000000000000000e+20 -2.0000000000000000e+30 -0.1000000000057722e+11 0.1000000000000000e+21 -0.2000000000000000e+31 -0.1000000000057722e+11 0.9999999999999999e+20 -0.2000000000000000e+31 ---------------------- ---------------------- ---------------------- -.1000000000057722e+11 .1000000000000000e+21 -.2000000000000000e+31 1.0e-5 -1.0000057719921567e+05 1.0000000001644909e+10 -2.0000000000000020e+15 -1.0000057719921568e+05 1.0000000001644910e+10 -2.0000000000000025e+15 -0.1000005771992157e+06 0.1000000000164491e+11 -0.2000000000000002e+16 -0.1000005771992157e+06 0.1000000000164491e+11 -0.2000000000000002e+16 ---------------------- ---------------------- ---------------------- -100000.5771992157 .1000000000164491e+11 -.2000000000000002e+16 1.0e-2 -1.0056088545787081e+02 1.0001621213528739e+04 -2.0000023403988050e+06 -1.0056088545786859e+02 1.0001621213528296e+04 -2.0000023403986717e+06 -0.1005608854578686e+03 0.1000162121352830e+05 -0.2000002340398672e+07 -0.1005608854578687e+03 0.1000162121352831e+05 -0.2000002340398677e+07 -0.1005608854578687e+03 0.1000162121352831e+05 -0.2000002340398677e+07 -100.5608854578687 10001.62121352831 -.2000002340398677e+7 1.0e2 4.6001618527380881e+00 1.0050166663333571e-02 -1.0100499983335001e-04 4.6001618527380874e+00 1.0050166663333571e-02 -1.0100499983335000e-04 0.4600161852738087e+01 0.1005016666333357e-01 -0.1010049998333500e-03 0.4600161852738087e+01 0.1005016666333357e-01 -0.1010049998333500e-03 0.4600161852738087e+01 0.1005016666333357e-01 -0.1010049998333500e-03 4.600161852738087 .01005016666333357 -.0001010049998333500 4.0e3 8.2939246348936937e+00 2.5003125260416665e-04 -6.2515626953124957e-08 8.2939246348936944e+00 2.5003125260416663e-04 -6.2515626953124959e-08 0.8293924634893694e+01 0.2500312526041666e-03 -0.6251562695312496e-07 0.8293924634893694e+01 0.2500312526041667e-03 -0.6251562695312497e-07 0.8293924634893694e+01 0.2500312526041666e-03 -0.6251562695312496e-07 8.293924634893694 .0002500312526041666 -.6251562695312496e-7 1.0e5 1.1512920464961896e+01 1.0000050000166668e-05 -1.0000100000500001e-10 1.1512920464961895e+01 1.0000050000166667e-05 -1.0000100000500000e-10 0.1151292046496190e+02 0.1000005000016667e-04 -0.1000010000050000e-09 0.1151292046496190e+02 0.1000005000016667e-04 -0.1000010000050000e-09 ---------------------- ---------------------- ---------------------- 11.51292046496190 .00001000005000016667 -.1000010000050000e-9 1.0e10 2.3025850929890456e+01 1.0000000000500000e-10 -1.0000000000999999e-20 2.3025850929890457e+01 1.0000000000500000e-10 -1.0000000001000000e-20 0.2302585092989046e+02 0.1000000000050000e-09 -0.1000000000100000e-19 0.2302585092989046e+02 0.1000000000050000e-09 -0.1000000000100000e-19 ---------------------- ---------------------- ---------------------- 23.02585092989046 .1000000000050000e-9 -.1000000000100000e-19 >e $+ $i =g $K Cx <T (C, IEEE Double) !$ Cx <T (C, V AX D F ormat) !$ Cx <T (F ortran, V AX D F ormat) !$ Amos(F ortran, V AX D F ormat) !$ Bo wman(F ortran, V AX D F ormat) $N ;; Ih $K $h $k 7W ;; CM !$ ?t <0 =h M} %7 %9 %F %‘ Maple V (Digits := 16) $G 7W ;; $7 $? CM $r <( $9 !% I= Cf !$ 2# @~ $O 7W ;; IT G= !J %( %i !< %3 !< %I $r JV $9 $3 $H !K $r <( $9 !% $^ $? x = 4 : 0 � 10 3 $r 4^ $‘ $N $O !$ $3 $N CM $, Bo wman $N ;; Ih $G 7W ;; $G $- $k >e 8B $G $" $k $3 $H $K $h $k !% 7

$3 $N I= $h $j !$ Cx <T $N ;; Ih $O x = 1 : 0 � 10 10 $N $h $& $J $- $o $a $F Bg $- $J CM $K BP $7 $F $b !$ $^ $? x = 1 : 0 � 10 � 10 $N $h $& $J $- $o $a $F >. $5 $$ @5 ?t $K BP $7 $F $b G\ @: EY Dx EY $N @: EY $r $b $D $3 $H $, $o $+ $k !% $3 $l $h $j <B MQ $K :] $7 $F $O Cx <T $N ;; Ih $G == J, $G $" $k $3 $H $, 8+ $F $H $l $k !% FC $K x $, $- $o $a $F >. $5 $$ @5 ?t $K BP $7 $F !$ Amos(1983) $N ;; Ih $H Cx <T $N ;; Ih $H $G $O !$ $= $N BP =h $, 0c $& $K $b $+ $+ $o $i $: !$ F1 $8 ?t CM $, F@ $i $l $F $$ $k $3 $H $O 6= L# ?< $$ !% $5 $F \ @d BP @: EY $N J] >Z $G $I $3 $^ $G 7W ;; $G $- $k $+ " $N 0l $D $N <B 83 $H $7 $F !$ Cx <T $N ;; Ih (C, IEEE Double) $r MQ $$ $F ( x ) = 0 $N 6h 4V [1.0, 1.5] $K $* $1 $k 2r $r 2 J, K! (Bisection Metho d) $K $h $j >. ?t E@ 0J 2< 16 7e $^ $G 5a $a $F $_ $? !% $= $N 7k 2L !$ 1.46163 21499 68363 4 $r F@ $? !% $^ $? Newton K! $G $O =i 4| CM $r 1.5 $K $7 $F 7W ;; $7 $? 7k 2L !$ 1.46163 21499 68362 0 $r F@ $? !% ?t <0 =h M} %7 %9 %F %‘ Maple V (Digits := 20) $G 7W ;; $7 $? CM $O 1.46163 21499 68362 3413 $G $" $k $+ $i !$ $$ $: $l $N J} K! $G $b M- 8z 7e ?t $G 15{16 7e $^ $G @5 $7 $$ $3 $H $, 3N G’ $5 $l $k !% 3 $* $o $j $K K\ 9F $G <( $7 $? ;; Ih $O 62 $i $/ :G $b 4p K\ E* $G AG D> $J ;; K! $K 4p $E $$ $F $$ $k !% $7 $? $, $C $F ?t CM 2r @O $N $[ $s $N =i Jb $N CN <1 $H !$ C 8@ 8l $b $7 $/ $O F ortran77 8@ 8l $N M} 2r NO $, $" $l $P !$ C/ $G $b $= $N %= !< %9 %3 !< %I $r FI $_ 2< $9 $3 $H $, 2D G= $G $" $m $& !% <j ;} $A $K E, Ev $J ;; Ih $, $J $+ $C $? $j !$ ;; Ih $r :n $k $N $, LL E] $J J} $K $* ;H $$ $$ $? $@ $1 $l $P !$ Cx <T <+ ?H $N 4n $S $H $9 $k $H $3 $m $G $" $k !% ;; Ih $N F~ <j $r 4u K> $5 $l $k J} $O !$ Cx <T tunenori@src.ricoh.co.jp $^ $G E-mail $K $F O" Mm $5 $l $? $$ !% $J $* A CM Algorithms Distribution Service $K Cm J8 $9 $l $P !$ K\ 9F $G $b 8@ 5Z $7 $? Amos(1983) $N %] %j !& %, %s %^ 4X ?t (Algorithm 610) !$ $* $h $S IT 40 A4 %, %s %^ 4X ?t (Algorithm 654) $J $I B? $/ $N ;; Ih $r F~ <j $9 $k $3 $H $, $G $- $k !% Cm J8 MQ ;f $O A CM T r ans. on Mathematic al Softwar e $N 3F 4, :G =* 9f (No. 4) 4, Kv $K $" $k !% $5 $F !$ K\ 9F $G >R 2p $7 $? ;; Ih $O !$ $$ $o $f $k %U %j !< !& %= %U %H %& %’ %" $G $" $C $F !$ C/ $G $b L5 NA $G Mx MQ $G $- $k !% $? $@ $7 %Q %V %j %C %/ !& %I %a %$ %s !& %= %U %H %& %’ %" $G $O $J $/ !$ Cx :n 8" $N <g D% $r J| 4~ $7 $F $$ $J $$ $3 $H $K Cm 0U $5 $l $? $$ !% :F HN !J ;; Ih $N 1D Mx HN Gd !K $K $" $? $C $F $O =q LL $r $b $C $F Cx <T $N 5v 2D $r I, MW $H $9 $k !% ;; K! <+ BN $K $D $$ $F $O !$ Cx :n 8" J] 8n $N BP >] $G $O $J $$ !% $^ $? $3 $N ;; Ih $O !$ !J %U %j !< !& %= %U %H %& %’ %" $N 47 Nc $K => $$ !K L5 J] >Z $H $9 $k !% <U <- K\ O@ J8 $r Ej 9F $9 $k $K $" $? $j !$ 3y AR L- @. @h @8 !J Cf 1{ Bg 3X !& M} 9) 3X It !K $h $j M- 1W $J $4 0U 8+ $H $4 ;X <( $r $$ $? $@ $- $^ $7 $? !% $^ $? !$ :: FI <T $H JT =8 M} ;v $G $" $k 5H B< 8y @h @8 !J El 5~ M} 2J Bg 3X !& 9) 3X It !K $K $O !$ O@ J8 $N 8m $j $r $4 ;X E& $$ $? $@ $- !$ $^ $? 2C I. $9 $Y $- ;v 9‘ $K $D $$ $F B? $/ $N $4 65 <( $r $$ $? $@ $- $^ $7 $? !% $5 $i $K 3X 2q ;v L3 6I $+ $i $O Amos(1983) $N ;; Ih !J %^ %$ %/ %m %U %# %C %7 %e !K $r B_ M? $$ $? $@ $- $^ $7 $? !% $3 $3 $K 5- $7 $F 8| $/ $* Ni ?= $7 $" $2 $^ $9 !% 8

IU O? %] %j !& %, %s %^ 4X ?t $N ;; Ih (a) C HG 1 /* 2 * polygamma --- Return the polygamma function {\psi}^k(x) 3 * If k=0,1,2,..., then returns digamma, trigamma, 4 * tetragamma,... function values respectively. 5 * Double precision (VAX D FORMAT 56 bits or IEEE DOUBLE 53 bits) 6 * $Author: tunenori $ 7 * $Revision: 1.5 $ 8 * $Date: 1993/08/09 11:21:19 $ 9 * 10 * Special cases: 11 * polygamma(k, x) is NaN with signal if k < 0 or x < 0; 12 * polygamma(k, x) is INF with signal if x = 0; 13 * polygamma(k, +-Inf) is NaN with signal; 14 * polygamma(k, NaN) is that NaN with no signal. 15 * 16 * Copyright (c) 1993 by RICOH Co., Ltd. 17 * 18 * NO WARRANTIES 19 * 20 * RICOH DISCLAIMS ALL WARRANTIES WITH REGARD TO THIS SOFTWARE, 21 * INCLUDING ALL IMPLIED WARRANTIES OF MERCHANTABILITY AND FITNESS, 22 * IN NO EVENT SHALL RIOCH BE LIABLE FOR ANY SPECIAL, INDIRECT OR 23 * CONSEQUENTIAL DAMAGES OR ANY DAMAGES WHATSOEVER RESULTING FROM 24 * LOSS OF USE, DATA OR PROFITS, WHETHER IN AN ACTION OF CONTRACT, 25 * NEGLIGENCE OR OTHER TORTIOUS ACTION, ARISING OUT OF OR IN 26 * CONNECTION WITH THE USE OR PERFORMANCE OF THIS SOFTWARE. 27 */ 28 #include <math.h> 29 #ifdef vax /* VAX D format */ 30 #include <errno.h> 31 extern int errno; 32 double infnan(iarg) 33 int iarg ; 34 { 35 switch(iarg) { 36 case ERANGE: errno = ERANGE; return(HUGE); 37 case -ERANGE: errno = EDOM; return(-HUGE); 38 default: errno = EDOM; return(0); 39 } 40 } 41 #define SQRHUGE (1.3043817436596712000e+19) 42 #endif 43 44 static double brn[] = {1.6666666666666666e-01, 3.3333333333333333e-02, 45 2.3809523809523809e-02, 3.3333333333333333e-02, 7.5757575757575757e-02, 46 2.5311355311355311e-01, 1.1666666666666667e+00, 7.0921568627450980e+00, 47 5.4971177944862155e+01, 5.2912424242424242e+02}; 48 #define BRNTRM 9 /* the elements number of ‘brn[]‘ */ 49 50 double 51 polygamma(k, x) 52 int k; /* the derivative order number */ 53 double x; /* variable */ 54 { 55 static double zero = 0.0, one = 1.0; 56 double s; /* return value */ 57 double y; /* minimum value more than ‘slv’, adding ‘x’ to 9

: integers */ 58 double x2; /* x * x */ 59 double *bp; /* the pointer to ‘brn[]‘ */ 60 double pk; /* k! */ 61 double pxk; /* pxk = pow(x, k+1) */ 62 double slv; /* sufficient large value applied for asymptotic : expansion */ 63 double f; 64 double polygamma(); 65 double log(), pow(), fabs(); 66 int n; /* [slv -x] */ 67 int i, j; 68 int i2, isgn; 69 int finite(); 70 71 #ifndef vax 72 if (x != x) /* x is NaN */ 73 return (x); 74 #endif 75 if (k < 0 || x < 0 || !finite (x)){ /* k < 0 or x < 0 or x is : +-INF */ 76 /* 77 * DOMAIN error: polygamma(x) return NaN 78 */ 79 #ifdef vax 80 return (infnan(EDOM)); /* NaN */ 81 #else /* IEEE double */ 82 return (zero / zero); /* return NaN with signal */ 83 #endif 84 }else if (k > 3){ 85 /* 86 * calculation of ‘slv’ 87 */ 88 f = 1.0; 89 for (i = k + 19; i > 20; i--) 90 f *= (double) i; 91 for (i = k + 1; i > 2; i--) 92 f /= (double) i; 93 f *= (174611.0 / 55.0); /* B_{20} / B_{2} */ 94 slv = 6.812921 * pow(f, 1.0 / 18.0); 95 if (slv < 13.06) 96 slv = 13.06; 97 }else{ /* 1 <= k <= 3 */ 98 slv = 13.06; 99 } 100 101 pk = 1.0; 102 for (i = 0; i < k; i++) 103 pk *= (double) (i + 1); /* pk = k! */ 104 105 if (x == zero){ 106 /* 107 * SING error: polygamma(x) return infinity 108 */ 109 #ifdef vax 110 return (infnan(ERANGE)); /* INF */ 111 #else /* IEEE double */ 112 return (one / zero); /* return INF with signal */ 113 #endif 114 }else if (x >= slv){ 115 /* Adopted ‘x’ to the asymptotic expansion. */ 10

116 s = 0.0; 117 #ifdef vax 118 if (x > SQRHUGE) /* x > sqrt(HUGE) */ 119 return (infnan(EDOM)); /* NaN */ 120 #endif 121 x2 = x * x; 122 bp = &brn[BRNTRM]; 123 isgn = k % 2 ? -1 : 1; 124 if (k == 0){ 125 /* digamma function */ 126 for (i = BRNTRM; i >= 0; i--){ 127 i2 = 2 * (i + 1); 128 s += *bp-- / (double) i2 * isgn; 129 s /= x2; 130 isgn *= -1; 131 } 132 s += log(x) - 0.5 / x; 133 }else{ 134 /* k >= 1; trigamm, tetragamma, ... */ 135 for (i = BRNTRM; i >= 0; i--){ 136 f = 1.0; 137 i2 = 2 * (i + 1); 138 j = i2 + k - 1; 139 while (j > i2) 140 f *= (double) j--; 141 s += *bp-- * f * isgn; 142 s /= x2; 143 isgn *= -1; 144 } 145 for (i = 0; i < k; i++) 146 s /= x; 147 pxk = 1.0; 148 for (i = 0; i < k; i++) 149 pxk *= x; /* pxk = pow(x, k) */ 150 151 s -= pk * 0.5 / pxk / x * isgn; 152 f = pk / (double) k; 153 s -= f / pxk * isgn; 154 } 155 }else{ 156 /* 157 * x < slv; 158 * Adopted ‘y’ instead of ‘x’ to the asymptotic expansion, 159 * we calculation the value. 160 */ 161 n = (int) (slv - x); 162 y = (double) n + x + 1.0; 163 s = polygamma(k, y); 164 isgn = k % 2 ? 1 : -1; 165 for (i = 0; i <= n; i++){ 166 y -= 1.0; 167 if (fabs(y) < 1.e-3){ 168 if (x > 0) 169 y = x - (double)((int) (x + 0.5)); : 170 else 171 y = x - (double)((int) (x - 0.5)); 172 } 173 pxk = 1.0; 174 for (j = 0; j < k; j++) 175 pxk *= y; /* pxk = pow(y, k) */ 11

176 #ifdef vax 177 if (pxk * y == zero) 178 return (infnan(isgn * ERANGE)); /* INF */ 179 #endif 180 s += isgn * pk / pxk / y; 181 } 182 } 183 return(s); 184 } 12

(b) F ortran77 HG 1 C 2 C polygamma --- Returns polygamma function {\psi}^k(x) 3 C if k=0, 1, 2,..., then returns digamma, trigamma, 4 C tetragamma, ... function values with double presision. 5 C $Author: tunenori $ 6 C $Revision: 1.5 $ 7 C $Date: 1993/08/09 11:34:19 $ 8 C Copyright (c) 1993 by RICOH Co., Ltd. 9 C 10 C NO WARRANTIES 11 C 12 C RICOH DISCLAIMS ALL WARRANTIES WITH REGARD TO THIS SOFTWARE, 13 C INCLUDING ALL IMPLIED WARRANTIES OF MERCHANTABILITY AND FITNESS, 14 C IN NO EVENT SHALL RICOH BE LIABLE FOR ANY SPECIAL, INDIRECT OR 15 C CONSEQUENTIAL DAMAGES OR ANY DAMAGES WHATSOEVER RESULTING FROM 16 C LOSS OF USE, DATA OR PROFITS, WHETHER IN AN ACTION OF CONTRACT, 17 C NEGLIGENCE OR OTHER TORTIOUS ACTION, ARISING OUT OF OR IN 18 C CONNECTION WITH THE USE OR PERFORMANCE OF THIS SOFTWARE. 19 C 20 double precision function polygamma(k, x) 21 implicit real*8 (a-h, o-z) 22 double precision NaN, INF, SQRINF 23 parameter (IBRNTRM = 10) 24 dimension brn(IBRNTRM) 25 data brn /1.6666666666666666d-1, 3.3333333333333333d-2, 26 $ 2.3809523809523809d-2, 3.3333333333333333d-2, 27 $ 7.5757575757575757d-2, 2.5311355311355311d-1, 28 $ 1.1666666666666667d0, 7.0921568627450980d0, 29 $ 5.4971177944862155d1, 5.2912424242424242d2/ 30 data NaN /0.0d0/ 31 data INF /1.70141173319264430000d+38/ 32 data SQRINF /1.3043817436596712000d+19/ 33 C 34 C int k; the derivative order number 35 C double x; variable 36 C 37 C double s; return value 38 C double y; minimum value more than 10, adding ‘x’ to integers 39 C double x2; x * x 40 C double c; ‘brn’ * (2 * i + k -1)! / (2 * i)! 41 C double pk; k! 42 C double pxk; pxk = pow(x, k+1) 43 C double slv; sufficient large value applied for asymptotic : expansion 44 C 45 C double polygamma(); 46 47 if ((k .lt. 0) .or. (x .lt. 0.0)) then 48 C /* DOMAIN error */ 49 C /* return NaN */ 50 polygamma = NaN 51 return 52 else if (k .gt. 3) then 53 C /* caluculate of ‘slv’ */ 54 f = 1.0 55 do 5 i = 21, (k + 19) 56 5 f = f * dble (i) 57 do 7 i = 3, (k + 1) 58 7 f = f / dble (i) 59 f = f * 174611.0 / 55.0 13

60 slv = 6.812921 * f ** (1.0 / 18.0) 61 if (slv .lt. 13.06) then 62 slv = 13.06 63 end if 64 else 65 C /* 1 <= k <= 3 */ 66 slv = 13.06 67 end if 68 69 pk = 1.0 70 do 10 i = 1, k 71 10 pk = pk * dble (i) 72 C /* pk = k! */ 73 74 if (x .eq. 0.0) then 75 C /* SING error */ 76 C /* return INF */ 77 polygamma = INF 78 return 79 else if (x .ge. slv) then 80 s = 0.0 81 if (x .gt. SQRINF) then 82 polygamma = NaN 83 return 84 end if 85 x2 = x * x 86 if (mod (k, 2) .eq. 0) then 87 isgn = 1 88 else 89 isgn = -1 90 end if 91 92 if (k .eq. 0) then 93 C /* digamma */ 94 do 20 i = 1, IBRNTRM 95 ii = IBRNTRM - i + 1 96 i2 = 2 * ii 97 s = s + brn(ii) / dble (i2 * isgn) 98 s = s / x2 99 isgn = -isgn 100 20 continue 101 s = s + dlog(x) - 1.0 / 2.0 / x 102 else 103 C /* k >= 1; trigamma, tetragamma,... */ 104 do 30 i = 1, IBRNTRM 105 ii = IBRNTRM - i + 1 106 i2 = 2 * ii 107 c = 1.0 108 do 35 j = i2 + 1, i2 + k - 1 109 35 c = c * dble (j) 110 s = s + brn(ii) * c * dble (isgn) 111 s = s / x2 112 isgn = -isgn 113 30 continue 114 do 40 i = 1, k 115 40 s = s / x 116 117 if (x .gt. (INF ** (1.0 / dble(k)))) then 118 C /* SING error */ 119 C /* ‘pxk’ is INF */ 120 polygamma = NaN 14

121 return 122 end if 123 pxk = 1.0 124 do 50 i = 1, k 125 50 pxk = pxk * x 126 C /* pxk = pow(x, k) */ 127 128 s = s - pk / 2.0 / pxk / x * dble (isgn) 129 c = pk / dble (k) 130 s = s - c / pxk * dble (isgn) 131 end if 132 else 133 C /* 134 C * x < slv; 135 C * Adopted ‘y’ instead of ‘x’ to the asymptotic exspansion, 136 C * we caluculate the value. 137 C */ 138 n = int (slv -x) 139 y = dble (n) + x + 1.0 140 if ((x .lt. 0.0) .and. (y .eq. dble(int (y)))) then 141 C /* x < 0.0 && ’y’ is integer */ 142 C /* SING error */ 143 C /* return INF */ 144 polygamma = INF 145 return 146 end if 147 s = polygamma(k, y) 148 C 149 if (mod (k, 2) .eq. 0) then 150 isgn = -1 151 else 152 isgn = 1 153 end if 154 do 70 i = 1, (n + 1) 155 y = y - 1.0 156 if (abs(y) .lt. 1.0e-3) then 157 if (x .gt. 0.0) then 158 y = x - dble(int (x + 0.5)) 159 else 160 y = x - dble(int (x - 0.5)) 161 end if 162 end if 163 pxk = 1.0 164 do 65 j = 1, k 165 65 pxk = pxk * y 166 C /* pxk = pow(y, k) */ 167 if ((pxk * y) .eq. 0.0) then 168 C /* SING error */ 169 C /* return INF */ 170 polygamma = dble (isgn) * INF 171 return 172 end if 173 s = s + dble (isgn) * pk / pxk / y 174 70 continue 175 end if 176 polygamma = s 177 return 178 end 15

;2 9M J8 8% [] Amos, D. E.(1983): \Algorithm 610, A P ortable F OR TRAN Subroutine for Deriv ativ es of the Psi F unctions," A CM T r ans. on Mathematic al Softwar e , 9 , [4], 494-502. [] Bo wman, K.O. & Shen ton, L.R. (1988) : Pr op erties of Estimators for the Gamma Distribution, Marcel Dekk er, New Y ork. [] Char, B. W. et al. (1992): First L e aves: A T utorial Intr o duction to Maple V , Springer-V erlag, New Y ork. [] Didonato, A. R. and Morris, Jr., A. H. (1986): \Computation of the Incomplete Gamma F unction Ratios and their In v erse," A CM T r ans. on Mathematic al Softwar e , 12 , [4], 377-393. [] ?9 8} HK 0l !$ B> (1960): !V ?t 3X 8x <0 I I I !J A4 3 :} !K !W !$ 4d GH =q E9 !% [] Press, W. H., Flannery , B. P ., T euk olsky , S. A., and V etterling, W. T.(1988): Numeric al R e cip es in C , Cam bridge Univ ersit y Press. [] Sibuy a, M.(1979): \Generalized h yp ergeometric digamma and trigamma distributions," A nn, Inst. Stat. Math. , 31 [3]A, 373-390. [] Sibuy a, M.(1980): \Multiv ariate digamma and distributions," A nn, Inst. Stat. Math. , 32 [1]A, 25-36. [] ;3 Fb Fs O: !J JT !K (1972): !V E} 7W ?t CM I= !W !$ F| K\ 5, 3J 6( 2q !% Cx <T O" Mm @h !’ ") 113 El 5~ ET J8 5~ 6h K\ 6? 1-33-13 F| K\ @8 L? =U F| D. %S %k 3t <0 2q <R %j %3 !< %= %U %H %& %’ %" ;v 6H It %= %U %H %& %’ %" 8& 5f =j TEL 03-5689-6421 E-mail tunenori@src.ricoh.co.jp 16